variance in individual reproductive output in a model with non-overlapping generations, we consider allocation to maintenance versus reproductive output as a form of temporal bet-hedging. A similar trade-off is considered in SHPAK (2007) , via an explicit age-structured model of fecundity variance where different genotypes are expressed as different annual survival probabilities and fecundities. In contrast with these works of Gillespie and Shpak, our model does not assume a fixed population size, and it therefore allows us to consider novel forms of fecundity-variance and to contrast small, growing populations with populations near equilibrium. By comparing such populations, we find that bet-hedging mutants can exhibit an apparent contradiction in their short versus long-term behaviour: types that grow rapidly at low population density are less likely to fix than types that grow slowly at low population density.
THE GENERALISED MORAN MODEL
We consider a haploid population comprised of K allelic types. The number of each type changes as the result of stochastic birth and death events in continuous time. Each type i is characterised by its intrinsic birth rate, β i , and death rate, δ i . Instead of a deterministic population size, the total population number is stochastic and governed by density dependence in the death rates. We further allow mutation between types, at rate µ. We call this model the Generalised Moran process, and we represent it by a Markov chain in which X i , the number of individuals of type i, has transition rates
(1)
The parameter N determines the typical population size, as discussed below. This birth-death process is perhaps the simplest possible model of types competing in a population whose size is regulated internally.
Quasi-neutrality:
We will focus on the case when the ratio of the intrinsic death rate to the birth rate is the same for each allele, so that δi βi ≡ α < 1.
Although one type may have an elevated birth rate, this is compensated by a correspondingly elevated death rate. We call this case "quasi-neutral": were the total population size to be held fixed at N fix by some exogenous mechanism, all individuals would have the same expected lifetime reproductive output (i.e. reproductive value (FISHER 1958; LANDE 1982; CHARNOV 1986) ) and equal variance in their lifetime reproductive successes, both equal to Figure 1: Illustrative sample paths of the Generalised Moran Process. The figure indicates the three distinct phases described by our analytic approximations (see Analytical Approach). Dotted lines show solutions to equations (4) and (6).
We emphasise that in our model, the total population size varies stochastically, with the consequence that the different types are not in general exchangeable (CANNINGS 1974) .
ANALYTICAL APPROACH
We analyse the Generalised Moran process by considering three phases, according to the size of X i (t). In the first phase, describing the behavior at small initial numbers, we approximate the process by a linear birth/death process with Mathusian growth rate β i − δ i . The second phase describes the dynamics at intermediate numbers, for which the abundance of each type, rescaled by N , are asymptotically equivalent to a deterministic system of Gause-LotkaVolterra equations for logistic growth. The third phase describes the long-term stochastic behaviour of the process near carrying capacity; the relative abundance of each type, when time is measured in units proportional to N , converges to a diffusion process as N approaches infinity. The first two limits are valid for all values of β i and δ i , while the third is valid only when the quasi-neutral condition (3) holds. These three phases are illustrated in Figure 1 and discussed in greater detail below.
Birth/death approximation (phase one):
and N large, a coupling argument (ANDERSSON and DJEHICHE 1998; LINDVALL 2002) shows that X i (t) converges to a birth-death process with birth rate β i X i and death rate δ i X i , for which
Deterministic approximation (phase two):
where the limit is in probability. Then, Y i (t) satisfies the deterministic system of ODEṡ
When one type has a strictly greater expected reproductive output, i.e.
for all j = i, that type rapidly sweeps to fixation for N large (PARSONS and QUINCE 2007) . However, in the quasineutral case Eq. 4 has equilibria at all points such that
α − 1, so that, in the infinite-population limit, we would expect coexistence of all types.
Diffusion approximation (phase three): On a longer time scale, we consider the relative abundances of each type for large N :
where N * = N 1 − 1 α is the shared carrying capacity. P(t) is a diffusion process whose probability density f (t, p) obeys a Fokker-Planck equation
Here, θ ij = N * µ ij and θ i = K j=1 θ ij . The generator for P(t) is obtained from the generator of X(t) by applying Itô's formula (PROTTER 2004) 
Convergence to a diffusion follows by arguments similar to those in ETHIER and KURTZ (1986) Chapter 11, as described in an associated preprint (PARSONS 2010a). We also refer to DURRETT and POPOVIC (2009) for a similar argument, in which the initial process is a diffusion rather than a Markov chain. The diffusion equation above is used to obtain the analytical results summarized in Table 1 below. These analytical results are then illustrated in Figures 3 and 4, below, along with comparisons to exact numerical simulations.
It is important to note that when β i = β j = 1 for all i, j (i.e. when all types are strictly neutral), this diffusion equation above simplifies to the standard diffusion for a Wright-Fisher process:
The first and final terms of (6) correspond to mutation and genetic drift, and they agree with the standard diffusion equation of a Wright-Fisher process. In the quasi-neutral regime, however, for each type i there is an additional advective term in (6), 1 2
proportional to the variation of that type. This term results in an effective selection coefficient favoring the type with lowest birth and death rate, when the population is near carrying capacity.
Results for two types: When K = 2, P (t) is a diffusion on [0, 1], and we need only consider the proportion of type one, which we denote p.
In the absence of mutation (θ ij ≡ 0 for all i, j) the boundaries p = 0 and p = 1 are absorbing. Starting from initial frequency p, we study the mean first absorption time, T (p), the probability of fixation of type one, π(p), and the expected time to fixation of type one (i.e. the absorption time conditioned on type one fixing), T 1 (p). These quantities satisfy ordinary differential equations related to the Fokker-Planck equation (6) (EWENS 2004):
In the presence of mutation (θ ij > 0), the boundary is no longer absorbing and P(t) has a stationary distribution, which can be expressed as the solution to (EWENS 2004)
For finite N , the Generalised Moran model has only one absorbing state, corresponding to extinction of all types.
However the time to global extinction is exponential in N (and thus tends to infinity as N → ∞). Prior to extinction, the Generalised Moran model approaches a quasi-stationary distribution for which the relative frequencies are asymptotically distributed according to the solution of (7).
Expressions for π(p), T (p), and T 1 (p) obtained by solving the differential equations above are summarised in Table   1 .
NUMERICAL METHODS
The figures below show both numerical results for the fixation probabilities and times, along with the analytical approximations derived in the previous section. The numerical results were obtained by solving, via a numerical library for sparse matrices (DAVIS 2004), the exact matrix equations for the fixation probabilities and times as formulated from the transition rates (1) and (2) (STEWART 1994).
RESULTS
Figure 2 shows an illustrative sample path of the Generalised Moran process, starting from a small population, obtained by Monte Carlo simulation. Initially, the number of each type grows exponentially, and the type with higher birth and death rates grows faster. Over the long-term, however, the total population size stabilises near its carrying capacity, and the type with the lower birth and death rates dominates, because it is less prone to fluctuation. Thus, it appears that selection initially favors type one and subsequently favors type two -a phenomenon that we will explore in greater detail below.
We have developed a rigorous analytical framework for studying the dynamics of the Generalised Moran model (see Analytical Approach). As our analysis shows, the behavior illustrated in Figure 2 arises because the population size is not deterministic. The total population size will quickly approach and thereafter fluctuate around the common carrying capacity N * = 1 − 1 α N . One might therefore suspect that classical quantities, such as the probability and mean time before fixation of a mutant allele, would be given by their neutral Wright-Fisher expectation with an effective population size equal to N * . This is false, however. When two quasi-neutral types differ substantially in their vital rates (i.e. by order one), then there is no effective population size, including the harmonic mean (EWENS 1967; OTTO and WHITLOCK 1997) ), for which the behavior of the stochastic population is captured by a Wright-Fisher diffusion -even if the population is started from carrying capacity (see analytical results in Table 1 , below).
Under the Wright-Fisher model without mutation, a neutral allele will fix with probability given by its initial frequency. In the Generalised Moran model, however, the fixation probability differs qualitatively from the WrightFisher expectation (Table 1) . Starting from a population at carrying capacity, the fixation probability of a mutant has a quadratic dependence on the mutant's initial frequency, and it favors fixation of the type with low birth and death rates ( Figure 3a) . Differences in generation time induce a form of apparent selection favoring one type over anotherdespite the fact that the two types would behave as strictly neutral variants under a corresponding Wright-Fisher model.
A similar result holds for the mean time before a mutant allele fixes or goes extinct. The behavior of the Generalised
Moran process is skewed relative to the neutral Wright-Fisher prediction: the mean absorption time is longer than the classical expectation when the type with higher birth rate forms a larger initial proportion of the population ( Figure   3b ). The conditional mean time before fixation of an allele is also skewed: the type with low vital rates fixes more quickly than a type with high vital rates. Again, the Generalised Moran model exhibits a form of selection that favors one type over another, despite the fact that the two types have the same expected lifetime reproductive output.
When mutations are permitted between the two types, then the population, conditioned on non-extinction, will reach a stationary state determined by a balance of mutation and drift. For the neutral Kimura diffusion with effective population size N e = N * 2 , the stationary relative frequency, p, of type one follows the well-known beta distribution (EWENS 2004)
where θ = 2N e µ. For a quasi-neutral stochastic population, by contrast, the stationary distribution of type one is given by:
As we demonstrate below, the stationary allele frequency distribution of the Generalised Moran process (Eq. 8) is very similar to that of a Wright-Fisher model with selection favoring the type with low birth rate.
All of the analytical results summarized in Table 1 are asymptotic in N . These asymptotic approximations are highly accurate for N = 1000, as demonstrated in Figures 3 and 4 , and therefore also for N larger than 1000.
PRACTICAL IMPLICATIONS
The results above have important consequences for practitioners who wish to make inferences about natural selection based on samples from wild or laboratory populations. When life-history traits are under genetic control, inference based on standard assumptions (i.e. Kimura's diffusion) may yield erroneous and even contradictory conclusions: at small population densities one allele will appear superior, whereas at large densities the other allele will dominate. We will illustrate this point using two examples of the types of inferences typically drawn from population data.
In the first example, we analysed polymorphism "data" generated by simulating the Generalised Moran processes of competing, quasi-neutral types. We sampled 100 individuals from a large population near carrying capacity, and we recorded the polymorphism frequency spectrum across 1000 independent sites (Fig. 4) we would infer directional selection favoring the type with low birth rate (Fig. 4 ).
This result is important because alternative approaches to inferring selection pressures from data would reach the opposite conclusion. Selection coefficients are often quantified by competing two types in a nutrient-rich laboratory environment, and measuring the difference in their initial exponential growth rates (LENSKI et al. 1991; LENSKI and ELENA 2003) . Under the Generalised Moran model starting from a small population, type one will grow at exponential rate β 1 −δ 1 = β 1 (1−α) and type two at exponential rate β 2 −δ 2 = β 2 (1−α), yielding an apparent selective advantage to the type with high birth rate. Thus, the selection coefficient inferred from a laboratory competition experiment will have the opposite sign as the selection coefficient inferred from the stationary polymorphism frequency spectrum, as would be sampled in the field.
To take a textbook example, in a 12-hour competition experiment from small initial numbers the frequency of E. coli strain gnd(RM77C) increased from 0.455 to 0.898, relative to strain gnd(RM43A) (HARTL and DYKHUIZEN 1981) . The standard interpretation of these data suggests that strain RM77C is selectively advantageous (N e s = 0.067) and that it will eventually fix with a probability greater than its frequency at 12 hours (HARTL and CLARK 2006) . But these data are equally compatible with the quasi-neutral Generalised Moran model, which predicts that RM77C will be disadvantageous when the population eventually reaches carrying capacity, and that it will fix with a probability less than its frequency at 12 hours. Thus, the interpretation of such a competition experiment depends on the trade-offs that occur between birth rate and other life history traits, and also on assumptions about the underlying demographic process.
Our results also have implications for serial transfer experiments used to study microbial evolution (e.g. LENSKI (1997) ). In Figure 5 we consider the Generalised Moran process with the addition of periodic bottlenecks in the population size, representative of periodic transfers. Fixation probabilities for the process with bottlenecks were obtained via Monte Carlo simulations. In this case, the probability that one quasi-neutral type will fix as opposed to another depends on the bottleneck frequency: when bottlenecks are rare, the type with low birth rate is more likely to fix, whereas the opposite occurs when bottlenecks are frequent.
This result implies that the choice of serial transfer protocol induces a form of selection for one or another lifehistory phenotype, according to the transfer frequency -a phenomenon that should be considered when designing and interpreting laboratory studies of microbial evolution.
Previous work on life history has reached similar conclusions about fixation probabilities. For example, ALEXAN-DER and WAHL (2008) found that two different beneficial mutations with the same expected lifetime reproductive output may have different fixation probabilities relative to a disadvantageous wild-type. However, such analyses were based on a branching process approximation that applies only in the limit of strong selection, when the fixation of the mutant is assured once it escapes genetic drift (WAHL and GERRISH 2001; WAHL and DEHAAN 2004; ALEXANDER and WAHL 2008) . By contrast, we have demonstrated that an invading mutant may be favored or disfavored compared to wild-type, depending on the population size when it is introduced or the frequency of bottlenecks.
DISCUSSION
Here we have studied a simple stochastic model of births and deaths in continuous time, which is more realistic than the Wright-Fisher model in many circumstances. We have derived analytic expression for fixation probabilities, absorption times, and steady-state polymorphism distributions. We find that when the population size is near carrying capacity one type is preferred, and when far from carrying capacity the other type is preferred -despite the fact that both types have the same expected lifetime reproductive output. These results have implications for our understanding of molecular evolution and for the interpretation of evolutionary studies in the field and in the laboratory.
The behavior of the Generalised Moran process in the quasi-neutral regime can be understood as a form of rversus-K selection (MACARTHUR and WILSON 2001; PIANKA 1972) . Quasi-neutrality enforces a life-history tradeoff in which an increased birth rate is compensated by an increased death rate. The type with the lower mortality rate is favored when the population size is large (i.e. near carrying capacity), because such a type experiences less dramatic fluctuations and is less likely to go extinct. As a result, fixation probabilities, absorption times, and the stationary polymorphism frequency spectrum favor the type with low birth rate. In contrast, when the total population size is small, so that density-dependent regulation is weak, rapid growth is preferable and the type with large birth rate is favored. Thus, in a model with stochastic population size there is no one-dimensional "selection-coefficient" that summarises the dynamics of competing types (see also LAMBERT (2005 LAMBERT ( , 2006 ; CHAMPAGNAT and LAMBERT (2007)).
A trade-off between mortality and fecundity may be interpreted as a form of evolutionary bet-hedging (SLATKIN 1974) , where high fecundity strategies produce greater variability in lifetime reproductive success, but they are selectively disadvantageous in saturated environments. Similar results have previously been observed by Gillespie and others, who studied models in which individuals produce variable numbers of offspring (GILLESPIE 1974 (GILLESPIE , 1975 (GILLESPIE , 1977 PROULX 2000; SHPAK 2007) . Like the Generalised Moran model, such models are not equivalent to a Wright-Fisher diffusion, for any constant value of the effective population size. Nonetheless, our results differ from those of Gillespie, who assumed that the population size is held constant by some exogenous mechanism. We have shown that these effects arise in populations that are intrinsically regulated by density dependence. Indeed, differences in individual fecundity variance only appear when the total population size is allowed to vary. Moreover, when the population size is stochastic, one type will be favored at low density and another type at high density. Combined with exogenous disturbances, these effects can drastically change the probability of fixation (e.g. Figure 5 ).
Quasi-neutrality is a novel phenomenon that arises when the total population number is allowed to vary stochastically, in a hybrid regime between strong and weak selection. When one type has a significantly greater lifetime reproductive success (i.e. Since quasi-neutrality arises in a limited regime of parameters, the question arises whether this regime is found in natural populations or not. After all, any mutations that confer a significant improvement in overall reproductive success will quickly displace neutral or quasi-neutral segregating types. Indeed, such arguments have been raised against the biological relevance of Gillespie's model (e.g HOPPER et al. (2003) and references therein), which operates in a similar parameter regime. Nevertheless, there are both theoretical and empirical reasons why quasi-neutral types might regularly segregate in populations -arguments analogous to those that support widespread neutral variation.
In a fixed environment, mutations that confer strong selective advantages will fix quickly and be depleted (LENSKI and TRAVISANO 1994) ; and so eventually most segregating variation will either be neutral, weakly selected, or quasineutral. Once strongly selected mutations have been exhausted, any mutations that allow an organism to vary its allocation to reproduction versus survivorship will begin to segregate. Thus, quasi-neutral types will most likely segregate in depleted or subdivided environments where the carrying capacity of a given patch is small (SHPAK 2005) or in populations where most mutations that convey an absolute fitness advantage have already fixed.
Fecundity/mortality trade-offs of the type we have considered here have been observed empirically in E. coli subject to prolonged starvation: lower intrinsic mortality rates allowed adapted strains to persist in minimal salts media, but such strains proved inferior competitors in fresh medium (VASI and LENSKI 1999) . Furthermore, empirical studies of E. coli strains competing in a chemostat (HANSEN and HUBBELL 1980) under conditions analogous to quasi-neutrality (such that the corresponding deterministic model of competition predicts stable coexistence) have produced time series in which one type predominates at low density but is then less abundant in saturated media, much as our model predicts (Fig. 2) .
We have focused on the quasi-neutral case so as to highlight the contrast between the Generalised Moran process and the standard, neutral Wright-Fisher diffusion. Nevertheless, our analysis extends to competing types with different expected reproductive outputs -i.e. values of Table 1 . The analytical approximation closely matches the numerical simulation. In addition, the quasi-neutral frequency spectrum is very similar to the spectrum produced by a Wright-Fisher model with selection (diamonds). The parameters of a best-fit Wright-Fisher model (θ = 0.512,N e s = 0.252) were obtained by applying standard maximum-likelihood inference techniques (SAWYER and HARTL 1992; BUSTAMANTE et al. 2001; DESAI and PLOTKIN 2008) to the simulated data, and they would indicate selection favouring the type with low birth rate. −1 e 2θ(β 1 −β 2 ) "
